Abstract. This paper presents the techniques of contact modeling for revolute joints in flexible multibody systems, in which the dry clearance revolute joints have been coupled with the flexibility of connected bodies. The contact model for revolute joints takes into account the relative planar motion caused by the clearance between the outer and inner races. This model applies a penalty method to simulate the phenomenon of inner-penetration between contact/impact bodies. The relationship between the normal contact force and the innerpenetration is described by the nonlinear Hertz model with energy dissipation. Meanwhile, the friction force can be predicted from continuous Coulomb's law. Finally, an example of flexible multibody systems has been simulated by using the developed contact models.
Introduction
Engineering practices show that the clearances in the revolute joints are inevitable to allow for the assembly of the pair elements. Furthermore, manufacturing tolerances [1] , wear [2] and thermal effects [3] also cause clearances. The problems of modeling simple mechanical systems with clearance joints were extensively investigated [4] [5] [6] [7] [8] . A typical problem is the slider-crank mechanism, in which only the radial clearance located in the planar revolute joint is considered [9] . Since rigid modeling of the links will affect the prediction of the system real dynamic behaviour, the modelling of mechanism flexibility is also required. A comprehensive review can be found in Ref. [10] , where the commercial software MSC ADAMS was applied to simulate the crank-slider mechanism with rigid/flexible links and planar joint clearances. More recently, the combined influence of the axial and radial clearances in the revolute joint [11, 12] has been studied. Ref. [13] predicts the dynamic behaviour of slider-crank mechanism with single and two revolute clearance joints. It concludes that the dynamic response in a mechanism with two clearance joints is not a simple superposition of that in mechanism with one clearance joint, and then proposes that all the joints in a multibody system should be modeled as clearance joints. The coupling problem of joint clearances and link flexibilities of the complicated mechanism is still an open topic. The innovation of this paper is the implementation of a contact model for clearance joints with the purpose of providing a general solution to the coupling problem. The new contact model is also defined in the absolute nodal coordinate systems. It can be used to connect any rigid/flexible bodies with arbitrary topologies.
When modeling joints with clearance, an appropriate contact/impact force model is important. Gilardi and Sharf [14] distinguish the associated force calculation approaches into two different categories, impulse-momentum and continuous. The first approach is only practical if there is only a single contact. A serious disadvantage is that it will stop the simulation when the contact/impact occurs. In second approach, the simulation is not stopped, and the contact force in each contact pair is predicted at any time during the simulation [15] . Based on a relationship between contact force and penetration, for example, by Flores etc. [16] , this approach performs the contact calculation in three steps: contact detection, calculation of the contact normal force, and calculation of the friction force [17] . In this paper, an algorithm based on the continuous approach is developed to evaluate the contact/impact force based on nonlinear Hertz model of Hunt and Crossley [18] , which is suitable for multiple impact pairs. When the bodies are in contact/impact, the friction force can be predicted from the continuous Coulomb's law. It is known the Coulomb's friction law [19] describes the transitions from sticking to sliding and vice-versa, but these discrete transitions can cause difficulties for their numerical simulations. Many continuous friction laws [20, 21] have been advised to approximate the discrete transitions. This paper regularizes the friction coefficient of Coulomb's law to obtain a continuous friction law, which can describe both sliding and rolling/sticking behaviour of revolute joints.
In summary, this paper focuses on studying the coupling effect of joint clearances and link flexibilities of the complicated mechanism, and designs a detailed contact model for revolute joint with clearance. The nonlinear Hertz model with energy dissipation describes the relationship between the normal contact force and the inner-penetration. The continuous Coulomb's law are implemented for the simulation of friction phenomena.
Contact models for revolute joints with clearance
With the unilateral contact condition [19] , a contact model for revolute joints is developed in this section to capture the phenomena of contact/impact due to clearance.
Contact kinematics of revolute joints with clearance
For the modeling of clearance, the scheme of contact detection should be designed at first. A straightforward strategy is predicting the relative distance between the contact point-pair candidates with the unilateral contact condition and then make a judgment of weather the contact is happened or not. 
2MAE 2018
Observation of the geometric configuration of revolute joint with clearance, as depicted in Fig.1 , shows that the contact point-pair candidates could be identified along the normal direction n defined as n = u / ||u|| (1) where ||·|| presents the 2-norm of vector. The positions of contact point-pair candidates on inner and outer races k and l, respectively, are written as
where  k and  l are the radii of inner and outer races. The relative distance between the contact candidates predicts from
in details,
During contact/impact, the inner and outer bodies will exert tension on one another and the innerpenetration will be happened. Obviously, if q<0, the contact/impact occurs and the inter-penetration between the contacting bodies is denoted by a negative value of q as a =q. This work develops a penalty approach by adding spring and damper in the contact interface between inner and outer bodies to the modeling of unilateral contact conditions. Denoting the magnitude of normal contact forces as f n , the normal contact forces applied to bodies k and l can be written as
In the case of friction in the contact interface there are possibilities of sticking and sliding. When sliding occurs, the relative velocity between material points which coincide with the contact candidates will compute from time derivatives of positions, z k and z l , as
The component of relative velocity in the null space of normal direction n is readily obtained from
and the normalization of v t produces the tangent vector t indicating the direction of sliding. The friction force and moment applied to bodies k and l are obtained from the associated virtual work done by the friction force, f t , like
Normal contact force based on Hertz model
For penalty method, the relationship between normal contact force and inner-penetration will be given by a constitutive law during contact. Conventional approach applies Hertz model [22] , a spring model as the constitutive law, to derive the magnitude of normal contact force f n from a potential, V(a), like
In a generic sense, this work separates the normal force of contact into its elastic and dissipative components and a suitable expression is given as f n = f e + f c = V/a(1 + ȧ) (9) where ȧ accounts for energy dissipation during contact. In the case of a Hertzian contact, the nonlinear modeling of elastic contact force is applied f e = k h a 3/2 (10) then the damping contact force becomes
The definitions of stiffness parameter k h and damping coefficient  can be found in Refs [18, 22] .
Modeling of friction force
This work models the friction force based on the Coulomb's friction law, which states the friction force f t is proportional to the magnitude of normal contact force f n like
where  k is the coefficient of dynamic friction. If the relative velocity vanishes, sticking or rolling takes place. In this case, the friction force becomes
where  s is the coefficient of static friction. This highly nonlinear phenomenon of friction coefficient switching between sliding and sticking conditions makes it very hard to deal with classic Coulomb's law numerically [23] . In current implementation, the friction coefficient is regularized to obtain a continuous friction law [24, 25] , successfully treat sticking, sliding and transition regions, like
where v c is a characteristic velocity.
Bio-inspired flight flapping wing
This example deals with the kinetic problem of a stick model of flying robot, which is designed to simulate the flapping motion of birds. The internal structure of wing has been simplified to the fourbar linkages. Due to symmetry, only a half of the basic geometric configuration is depicted in Fig.2 . Note that 16 points are numbered in the figure to determine the geometric topology of the four-bar linage, where the left linkage will connect to the right one through points 13 and 16. The whole structure is clamped at point 16. The coordinates of all the points are given in table 1 with the unit of length cm. 
MATEC Web of Conferences
In current implementation, the numerical model of four-bar linkage is consisted of beam elements [26] and revolute joints. A user-defined function,  = t, with constant angular speed  = 12.56 rad/s, prescribes rotation of crank shaft, and the kinematic constraint [27] is enforced to the kinematic model for revolute joint located at point 1. [28] is applied to integrate the governing equations and the predicted trajectory of fourbar linkage is shown in Fig.3 . 
